Abstract: Carbon emissions are receiving greater scrutiny in many countries due to international forces to reduce anthropogenic global climate change. Carbon taxation is one of the most common carbon emission regulation policies, and companies must incorporate it into their production and pricing decisions. Activity-based costing (ABC) and the theory of constraints (TOC) have been applied to solve product mix problems; however, a challenging aspect of the product mix problem involves evaluating joint manufactured products, while reducing carbon emissions and environmental pollution to fulfill social responsibility. The aim of this paper is to apply ABC and TOC to analyze green product mix decision-making for joint products using a mathematical programming model and the joint production data of pharmaceutical industry companies for the processing of active pharmaceutical ingredients (APIs) in drugs for medical use. This paper illustrates that the time-driven ABC model leads to optimal joint product mix decisions and performs sensitivity analysis to study how the optimal solution will change with the carbon tax. Our findings provide insight into 'sustainability decisions' and are beneficial in terms of environmental management in a competitive pharmaceutical industry.
Introduction
There are many companies using the same raw materials in continuous production processing and that use the same processes to output joint products of two or more different characteristics or uses, such as the petroleum industry, chemical industry, steel industry and pharmaceutical industry. Such split-off joint products may be sold immediately or be further processed before being sold. The costs prior to the split-off point are joint costs, which are the main costs required for the production of various products; while the costs of additional processing procedures of some joint products are separable costs. After the split-off point, whether to sell or continue to process is subject to the marginal contribution of further processing, capacity resource constraints, market demands and other factors [1] [2] [3] .
The Paris Agreement was signed by 195 nations on the 12 December 2015 to strengthen the global response to the threat of environmental climate change, which was in the context of sustainable development and efforts to eradicate poverty, after the 1992 United Nations Framework Convention on Climate Change (UNFCC) and the 1997 Kyoto Protocol. In Article 2 of the Paris Agreement, the increase in the global average temperature is anticipated to be held to well below 2 • C above pre-industrial levels, and efforts are pursued to limit the temperature increase to 1.5 • C above pre-industrial levels (United Nations, 2015). Carbon emissions are receiving greater scrutiny in many countries due to international forces to reduce anthropogenic global climate change. The carbon tax constraint is one of the most common carbon emission regulation policies that companies must incorporate into their production and pricing decisions. Activity-based costing (ABC) and the theory of constraints (TOC) have been applied to solve product mix problems; however, a challenging aspect of the product mix problem involves evaluating joint manufactured products, while reducing carbon emissions and environmental pollution to fulfill social responsibility. Many scholars have proposed using TOC, ABC and linear programming (LP) to solve the product mix problem and obtain the optimized results [1, [4] [5] [6] [7] [8] . TOC assumes how companies make the most efficient use of resources under existing resources; thus, the model is suitable for short-term decision-making. ABC assumes that all resources can be allocated according to activities, which are then allocated to cost objectives based on the activity drivers. Furthermore, it enables enterprises to recognize value-added and non-value-added activities in order to improve the use of resources; thus, the model is suitable for long-term decision-making.
The conventional ABC model contains a large number of activities. With the changing growth scales of business operations or production processes, in order to measure the different resources used, as well as the costs attributable to operations and production, new activities must be constantly added, which renders production more complex. In addition, many complex cost drivers require the subjective estimates of staff; thus, allocation percentages are also subjectively set by staff, which may lead to various product mix decision-making results due to subjective differences. If the conventional ABC method does not fully use time drivers, it may overlook potential unused capacities regardless of whether resources are fully used, and they will be attributable to the product cost [9] . To achieve higher accuracy, activities must be piecemealed; however, more piecemeal activities can easily create too large a database. In addition, when there are multiple constraints and integer solution assumptions in TOC, there may not be an optimal solution [10, 11] . Although Fredendall and Lea [12] suggested that the optimal solution can be obtained by repeated solution-finding iterations, such an approach will become more complex in the face of added constraints; thus, enterprises will gradually pay more than the exact cost in order to obtain more accurate cost information for consideration.
Therefore, in 2004, Kaplan and Anderson proposed time-driven activity-based costing (TDABC), which is mainly based on the total time of an activity as a cost allocation basis. TDABC applies time drivers directly from the resource to the cost objective, omits the time-consuming and subjective estimates of the first stage and does not require an estimated time percentage investment for each activity at the second stage. Compared to the conventional ABC model, it can better reflect the complex realities and time differences of different activities [13] [14] [15] . In addition, in the conventional ABC model, the costs of activity centers are attributed to cost objectives without considering the capacity use of the activity centers. TDABC measures resources used according to output, where only the costs of use (time) is attributed to the cost objective; thus, enterprises can clearly recognize whether the resources of each activity center have been adequately used [16] . With limited resources, companies pursue long-term profits, while reducing environmental pollution, to fulfill social responsibility [17] [18] [19] . Therefore, joint product mix decision-making should consider the marginal contribution of continuous processing, capacity resource constraints, market demand and other factors [1, 3, 4] , as well as reducing pollution emissions [20] . As TDABC is a new management tool, previous relevant research literature on TDABC is relatively limited [14, 16, 21] .
The main purpose of this research is to use an actual case of the pharmaceutical industry, which uses the relevant information regarding the activities of active pharmaceutical ingredients (APIs) processing to the drugs available for medical use. In addition to considering continuous processing, capacity resource constraints, market demand and other factors, the process of reducing pollution is considered. By establishing TOC, ABC and TDABC joint product mix models and using the mixed-integer programming (MIP) method to determine the optimal joint product mix, this paper analyzes the resources used and determines whether joint products after the split-off point should be directly sold or be further processed before being sold in order to provide reference for managers in green decision-making. The remainder of this paper is organized into four sections. Section 2 details the literature regarding the concepts of the carbon tax, TOC, ABC and TDABC in the pharmaceutical industry. This study develops the TDABC model for joint product decisions in Section 3. A numerical example is used to demonstrate how to solve these models with MIP through sensitivity analysis and under the possible constant carbon tax, to lead to an optimal solution in Section 4. Finally, this study presents the conclusions in Section 5.
Literature Review

Carbon Tax
Carbon taxes are important and aim to reduce the carbon emissions that are directly related to the carbon content of fuels. In the green building industry, the management of carbon emissions from green building projects contributes to the acquisition of accurate building cost information and reduces the environmental impact of these projects. The levying of carbon taxes also increases building costs for construction companies. With the heightened awareness of corporate social responsibility (CSR), construction companies must consider carbon emission costs to help accurately predict building costs and reduce the project's overall impact on the environment [22] . Therefore, carbon taxes are levied according to the emission price per ton. In fact, carbon taxes are an important policy tool for environmental protection, as it prompts companies to pursue optimal environmental management under tax considerations.
Currently, carbon taxes are assessed differently from country to country due to variances in environmental policies, and companies must incorporate carbon taxes in their production and pricing decisions. This study intends to explore the effects of carbon tax levy methods on joint product mix decisions. Figure 1 presents the minimum threshold for carbon taxes (i.e., no taxes below the thresholds). Figure 2 shows the levy of carbon taxes at a specific tax rate in the absence of tax thresholds. Figure 1 illustrates the fixed tax rate schedule once the threshold has been surpassed. Figure 2 shows the full progressive tax rates once the threshold has been reached. A higher rate is imposed on higher carbon contents, and all carbon content levels are accompanied by corresponding progressive rates. While the full progressive tax system reports better results in carbon reductions, the extra progressive tax system seems a more reasonable approach, as the latter allows for different rates at different carbon levels and can create a meaningful impact in carbon reductions. industry. This study develops the TDABC model for joint product decisions in Section 3. A numerical example is used to demonstrate how to solve these models with MIP through sensitivity analysis and under the possible constant carbon tax, to lead to an optimal solution in Section 4. Finally, this study presents the conclusions in Section 5.
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Carbon tax Figure 1 . The fixed tax rate schedule. 
Concepts of ABC and TDABC
Kaplan and Cooper first proposed ABC in 1988, which was mainly to overcome the distorted situation under the conventional cost accounting system and cost of subsidies [23] . The disadvantage of the conventional cost system is the assumption that the cost allocation basis of manufacturing costs is quantity related. In fact, not all manufacturing costs and quantities are related; therefore, the conventional cost system may cause cost distortions, leading managers to make erroneous pricing decisions. When the proportion of enterprise manufacturing costs and the degree of product diversification are higher, the possibility of cost distortion through the conventional cost accounting system is higher. The adoption of the ABC method can provide enterprises with value-added information and non-value-added costs in a systematic manner, in order to generate a more precise and efficient performance with sustainable consciousness [24] .
ABC uses a two-stage cost allocation method, which considers resource drivers and activity drivers. At the first stage, the correlation between resources and activity costs is analyzed by planning the resources into a number of activity centers. At the second stage, the appropriate cost drivers are determined according to different activity levels (e.g., unit-level, batch-level, product-level, facilitylevel), in order to summarize cost databases before attributing costs to cost objectives, thus obtaining reliable cost allocation information [9, 25] . Kaplan and Cooper argued that ABC emphasizes the relationship between the activities and the consumption of resources; therefore, it can provide product decision-making information and help managers with decisions regarding product design, pricing, product mix, marketing and process improvement [26] .
However, ABC assumes that each activity uses a single cost driver, namely all of the orders and activities of a certain type of product are the same; in this hypothesis, the processing time is the same. In fact, each activity may have more than one cost driver, for example order processing costs are not only related to the number of orders processed, but are also related to order quantity; therefore, the activity can be divided into two parts. However, this approach will lead to increased activities and difficulty in estimating the actual production capacity. Therefore, Anderson (2004, 2013) developed TDABC to overcome this difficulty. TDABC uses activity time as the basis for cost allocation. Parameters for estimation by this approach include: the unit time cost, which is generally the division of the total cost of a department by the total working hours of the staff in the department; the time consumed for each activity, namely multiplication of the activity unit time and the corresponding activity to obtain the total costs of the activity. These parameters do not require formal investigation and can be obtained by direct observation or staff interviews. Through observation, this paper determines how long it takes to complete an activity [27] . Moreover, these two parameters can completely replace the previous two-stage cost allocation process of resources to the cost objective
Carbon tax Figure 2 . The full progressive tax rate.
ABC uses a two-stage cost allocation method, which considers resource drivers and activity drivers. At the first stage, the correlation between resources and activity costs is analyzed by planning the resources into a number of activity centers. At the second stage, the appropriate cost drivers are determined according to different activity levels (e.g., unit-level, batch-level, product-level, facility-level), in order to summarize cost databases before attributing costs to cost objectives, thus obtaining reliable cost allocation information [9, 25] . Kaplan and Cooper argued that ABC emphasizes the relationship between the activities and the consumption of resources; therefore, it can provide product decision-making information and help managers with decisions regarding product design, pricing, product mix, marketing and process improvement [26] .
However, ABC assumes that each activity uses a single cost driver, namely all of the orders and activities of a certain type of product are the same; in this hypothesis, the processing time is the same. In fact, each activity may have more than one cost driver, for example order processing costs are not only related to the number of orders processed, but are also related to order quantity; therefore, the activity can be divided into two parts. However, this approach will lead to increased activities and difficulty in estimating the actual production capacity. Therefore, Anderson (2004, 2013) [27, 28] developed TDABC to overcome this difficulty. TDABC uses activity time as the basis for cost allocation. Parameters for estimation by this approach include: the unit time cost, which is generally the division of the total cost of a department by the total working hours of the staff in the department; the time consumed for each activity, namely multiplication of the activity unit time and the corresponding activity to obtain the total costs of the activity [27] . These parameters do not require formal investigation and can be obtained by direct observation or staff interviews. Through observation, this paper determines how long it takes to complete an activity. Moreover, these two parameters can completely replace the previous two-stage cost allocation process of resources to the cost objective and simplify cost steps to reduce the risk of the non-objective estimation of drivers due to the number of cost allocations during the computation process [28, 29] .
Another feature of TDABC is the use of a time equation to express the complexity of the actual operation, as follows:
where β 0 is the standard time of basic activities; β 1 (i = 1, 2, . . . , n) is the estimated time for additional activities; χ j (j = 1, 2, . . . , n) is the events of the additional activities, which can be a continuous variable, an intermittent variable or a dummy variable [28] . Pernot et al. (2007) pointed out that TDABC can clearly demonstrate how long it takes to complete a certain activity, which can increase transparency, as compared to the conventional cost accounting system or ABC [13, 30] . Varila et al. (2007) argued that it is more suitable to use time drivers rather than activity drivers if the resource consumption and time are directly correlated. By case study, they found that complex activities cannot be measured by ABC's single activity driver; therefore, they proposed using bar codes, radio frequency identification (RFID) and other automatic data collection (ADC) methods in order to improve the disadvantages, including manual collection time, costs and the impossibility of immediate updating [31] . Kaplan and Norton (2008) mentioned that TDABC can predict the required production capacity according to future sales targets and is mainly used to determine required production capacity according to previous experience. When productivity or processes are improved, it can easily update time equations, estimate the resources required to determine the number of required staff and equipment and predict future profits, in order to understand profitability through the preparation of expected profit and loss accounts [32, 33] .
Applying TOC and ABC to Product Mix Decision-Making
In recent years, sustainable development strategies for enterprises have become an important global issue, as it is very important to create sustainable competitive advantages for enterprises. Enterprises must consider the shortage of resources, time, personnel and money, by selecting the optimal management systems under resource constraints, know how to cope with the interdependencies among various criteria, deal with constraints on resources and demonstrate how to select management systems for phase implementation [34] . TOC, as proposed by Goldratt and Cox, is mainly to resolve short-term product mix and processing bottleneck resource problems, as it improves the method of the conventional cost accounting system, which hinders the effective output of a company, and argues that all organizations have restrictions that will affect the operation of the entire organization. Therefore, bottlenecks can be identified by TOC, which improves such limitations [35] .
Plenert argued that TOC limits apply only to a single resource constraint, and when multiple resource constraints exist, the decided product mix may cause other non-limiting resources beyond the capacity load, which is commonly referred to as bottleneck shiftiness. Finally, the obtained product mix is not the optimal product mix, and such a limit can be overcome by integer linear programming (ILP) [10] . In fact, Fredendall and Lea (1997) suggested that TOC also applies to multiple constraints and can similarly obtain the optimal solution by repeated solution searches [12] . Aryanezhad and Komijan (2004) argued that the algorithm for repeated solution findings, as proposed by Fredendall and Lea (1997) , requires more time; therefore, they proposed an algorithm similar to multi-objective decision-making in order to improve the single objective algorithm for repeated solution finding [36] . Kirche and Srivastava (2005) used ABC and MIP to find solutions to problems and suggested that ABC can increase profits and reduce inventory levels more effectively than TOC [7] . Kee discussed product mix in the case of resource flexibility, namely, materials with quantity discounts and labor productivity that can cope with insufficient capacity through overtime or rental equipment [37] . Gong and Hu (2008) developed a product mix flexibility model that considers labor flexibility and machine flexibility in uncertain environments, which can help decision makers to obtain the optimal configuration for product mix [8] , found that the bottleneck factors determine the level of product mix flexibility and that bottleneck improvements make a better contribution to non-bottleneck improvements.
The Pharmaceutical Industry Joint Product Mix Decision-Making
In the pharmaceutical industry, the joint production process from APIs' processing to drugs for medical use is very complex. By case study combined with TOC through accurate cost analysis, it can assist managers in joint product mix decision-making analysis. Regarding joint products' optimal product mix decision-making, Hartley (1971) discussed the further processing or direct sale of joint products after the split-off point by using mathematical equations to determine how many of the joint products should be sold and how many require further processing after the split-off point [3] . used the algorithm to analyze the optimal joint products mix decision-making of TOC [38] . took further advantage of mathematical planning, as combined with TOC through accurate cost analysis, to design an activity-based cost decision-making model that enables companies to maintain a balance between internal production and outsourcing [39] . Tehrani and Michelot (2009) used the actual case of a refinery to discuss the effective use of the LP mathematical model for allocation regarding joint costs [40, 41] . Tsai et al. (2013) combined the activity costing system and TOC to propose using the LP mathematical model to analyze product mix optimization decision-making in the case of a green manufacturing system, while considering continuous improvements of scale and other factors [20] .
As TDABC is a new management tool, the relevant research literature is relatively limited. This paper uses information relating to the process of the pharmaceutical industry from APIs to drugs for medical use, in order to establish TOC, ABC and TDABC joint product mix models. The MIP method is used to solve the problem of the optimal joint products mix, analyze the resources used and determine the further processing or resale of the joint products after the split-off point. The findings can provide reference for managers in decision-making.
Models for Joint Product Mix
Most previous studies proposed using TOC or ABC to solve product mix problems. This paper establishes TOC, TDABC and ABC joint product mix models and sensitivity analysis with the carbon tax. In order to maximize total profit under various resource constraints, the case company, which produces joint products, must assess the desirability of further processing of such joint products after the split-off point. Three decision models for joint products mix are presented in this paper, and a simplified case is used to demonstrate the process of decision-making and profit analysis under each model. It is assumed that the case company can plan according to the current production capacity, but cannot increase the production capacity of activities in the case of insufficient production capacity. The mixed integer programming (MIP) method is used to obtain the optimal joint product mix, analyze the resources used and determine whether joint products should be directly sold or be further processed after the split-off point, and the models are compared in order to determine the model that can maximize profits.
Notations
Decision Variables
The following are the notations of the decision variables used in this paper:
π is the company's profit; η 0 is the quantity of material APIs for the production of the joint product; η i0 is the production quantity of joint product D i0 at the split-off point; η i1 is the quantity of joint product D i1 processed further in a separate process after the split-off point; ω i is the units of D i0 product for each unit of joint production (coefficient of the joint production); g i is the units of D i1 products produced by processing each unit of D i0 products after the split-off point (coefficient of processing production after the split-off point);
β i0 is the batches of joint products; β i1 is the batches of products processed after the split-off point; δ i0 is the quantity of a shipment of joint product D i0 ; δ i1 is the quantity of a shipment of product D i1 processed further in a separate process after the split-off point; R i0 is the demand for joint product D i0 ; R i1 is the demand of product D i1 after the split-off point; σ 1 is the tableting department labor/hour production capacity; σ m is the production capacity of tableting machine operating hours; σ 0 is the order processing and tableting control department production capacity; σ δ is the shipping department production capacity; σ τ is the pharmaceutical inspection capacity; σ υ is the VOCs' disposal capacity; τ i0 is a zero, one variable; if joint product D i0 is not produced, it is zero; otherwise, it is one; τ i1 is a zero, one variable; if product D i1 is processed further in a separate process, but is not produced after the split-off point, it is zero; otherwise, it is one.
Parameters
The following notations of the parameters are used in this paper:
X i0 is the unit price of joint product D i0 at the split-off point; X i1 is the unit price of joint product D i1 processed further in a separate process after the split-off point; MA 0 is the unit price of material APIs for the production of the joint product; MA i1 is the unit price of material APIs for the further processing of the joint products; FC is the marketing, plant guard and management costs;t τi1 is the time for inspection of product D i1 processed further in a separate process after the split-off point; t vi0 is the time for the disposal of each batch of volatile organic compounds (VOCs) produced in the production of joint product D i0 ; t vi1 is the time to for the disposal of each batch of volatile organic compounds (VOCs) produced in the production of product D i1 processed further in a separate process after the split-off point; b i0 is the quantity of joint product D i0 of each batch; b i1 is the quantity of joint product D i1 of each batch; s i0 is the quantity of each shipment of joint product D i0 ; s i1 is the quantity of each shipment of product D i1 ; k l is the unit labor hourly costs of the tableting department; k m is the unit tableting machine's operating cost per hour; k 0 is the unit labor/hour costs of the order processing department; k δ is the unit labor/hour costs of the shipping department; k τ is the unit pharmaceutical inspection hourly cost.
The TDABC Model
This paper establishes a new product mix model using the TDABC concept, which considers production capacity limitations and market demands. Moreover, it analyzes the resources used and whether joint products should be directly sold or be further processed after the split-off point. The models are compared in order to determine the model that can maximize profits. Unlike ABC, TDABC can directly allocate resources through objective time drivers to cost objectives by omitting the first stage, which requires time and subjective estimations of the time consumed for each activity. In addition, through this model and based on future market demands, this paper predicts the resources required to determine how to use resource capacity and, thus, makes optimal product mix decisions. The company's profit objective function and constraints can be expressed as follows:
MAX π = total revenue − total APIs cost of common processes and separate processes − labor costs of tableting − costs of tableting machinery − order processing costs − shipping costs − inspection costs − VOC disposal costs − sales administrative costs.
Constraints:
Equation (1) represents the objective function, which suggests that the company is in pursuit of profit maximization. Equations (2)- (14) are constraints. Regarding Equation (2), the joint production process of a joint product may produce joint products of different percentages; thus, each joint product and the quantity of joint input APIs have different proportions, where ω i is called the first processing production coefficient. Therefore, the quantity of the joint products, as produced by inputting the APIs, is the multiplication of the joint product's first processing production coefficient and the quantity of the common input APIs. In addition to direct sales, the produced joint products can be processed by a second process in order to produce different types of joint products. In the second processing process, the quantity of the joint products can be changed according to a certain percentage of the quantity of joint products at the split-off point. Therefore, g i is the second processing production coefficient. However, as the joint products produced in the joint production process are not necessarily processed for a second time, they can be directly sold. Hence, the addition of the directly sold joint product quantity at the split-off point and the quantity of products for the second processing equals the quantity of the joint products produced in the joint production process; Equations (3) and (4) ensure that the product quantity is the times of the batch; Equation (5) is to ensure that the tableting department's labor hours will not be more than the maximum labor production capacity; Equation (6) is to ensure the tableting machine operation and initialization machine hours are not more than the maximum machine hours of production capacity; Equation (7) is the production capacity limitation of the order processing and tableting control department; Equations (8) and (9) are to ensure that the quantity of the products is the times of the shipping times; Equation (10) is the limitation of the shipping department's production capacity; Equation (11) is the pharmaceutical inspection hourly production capacity; Equations (12) and (13) are the demand capacity. In other words, if a product is not produced, then τ io or τ i1 = 0 will result in Equations (12) and (13) q i0 or q i1 = 0; conversely, if it is produced, then τ io or τ i1 = 1 will result in Equations (12) and (13) (14) is the volatile organic compound (VOC) decomposition hourly production capacity limitation.
TOC Model
The assumptions of TOC and TDABC (ABC) are different; the assumption of TOC is based on the resources supplied, while the assumption of TDABC (ABC) is based on the resources used. Namely, in addition to materials, TOC assumes that no resources will change with production output, while TDABC (ABC) argues that related resources, in addition to materials, are controllable to prevent unused production capacity. Therefore, the only difference between TOC and TDABC is the objective function, while the remaining constraints are the same. In summary, the TOC objective function is shown as follows:
TOC regards the material as changed, and the remaining direct labor, manufacturing costs and sales administrative costs as the fixed costs. Therefore, in Model (15), in addition to material costs, the total cost of processes are ∑ j∈l,m,o,δ,τ,ν K j and FC.
ABC Model
The major differences between TDABC and ABC include the allocation approach, drivers and unused production capacity. Regarding the allocation approach, ABC is two-staged, while TDABC is one-staged. Regarding the determination of drivers, ABC can be resource-based, activity-based or time-based, while TDABC is time-based. Regarding unused production capacity, TDABC can actually measure the working efficiency, understand the condition of idle production and clearly distinguish between used and unused production capacity. In the ABC system, if not all of the time-based drivers are used, employee inefficiency cannot be accurately measured. This study examines the impact of the two-stage allocation of ABC and the one-stage allocation of TDABC on product mix decision-making. Therefore, ABC and TDABC assume that the time driver, objective function and TDABC are the same. However, prior to the activity allocation of ABC at the second stage, it should estimate the percentage of the activities. By comparison, TDABC has more constraints. By using the ABC method, Equations (5)- (7) and (10) should be converted into the following equations according to the percentage of the time input for various activities:
Compared to TDABC, ABC has the additional procedure of estimating the time percentage of the activities at the first stage; therefore, it has more constraints. In Equations (16)- (23), the percentages of the time input into various activities are α l , α m , α o , α δ .
Sensitivity Test with Carbon Tax
Carbon taxes are an important taxation aimed to reduce carbon emissions and are directly related to the carbon content of fuels [6, 41] ; therefore, carbon taxes are levied according to the emission price per ton. The full progressive tax system, as shown in Figure 2 , reports better results in carbon reductions; thus, this study intends to explore the sensitivity analysis effects of carbon tax levy methods on joint product mix decisions. In Equations (24)- (32), the carbon tax cost and the related constraints can be expressed as follows:
where, m r is the carbon tax rate of the r-th carbon emission charge level; Q r is the upper limit of the r-th carbon emission charge level; G r is a zero/one variable; G r = 1 means that the carbon emission quantity is within the r-th carbon emission charge level; DT, ET, FT are the variable for the carbon emission quantity within the first, second and third carbon emission charge levels, respectively.
An Illustrative Case
By using the information of the pharmaceutical industry from APIs' processing to drugs for medical use, this paper establishes TDABC, TOC and ABC joint product mix models in order to analyze the resources used and whether joint products after the split-off point are directly sold or further processed. LINGO software is used to obtain the optimal solutions of the various variables of the models, which are illustrated in the following case. Gama is a manufacturer of APIs, which produces large amounts of APIs for downstream manufacturers. Meanwhile, the company has some patented pharmaceutical technologies to add excipients into some APIs in order to process them into medication for further use and clinical purposes. In joint production Process 0, if the company inputs one pound of API raw material M 0 for processing, it can produce three types of drugs after the split-off point, including Moreover, it requires 6 min for the packaging of each unit of product and 10 h, 50 h and 40 h for processing each batch of VOC 1 , VOC 2 and VOC 3 , respectively, and the costs are $400,000. The production process is as shown in Figure 3 , and the relevant production data are as shown in Table 1 .
Unlike TDABC, ABC must estimate the time percentages of various activities before the implementation of the second stage activity allocation. Therefore, in order to compute the product mix of the Gama Company under the ABC system, the following additional production information should be provided: order processing and production control departments spend about 30% in order processing and the remaining 70% in shifting the production APIs to the tableting department. The tableting department spends about 85% of its time in tableting and 15% of its time in the preparation of the tableting machine. Regarding machines and equipment, tableting requires about 90% of the time, and the initialization of the tableting machine requires about 10% of the time. Regarding the shipping department, on average, 85% of its time is for packaging, and 15% of its time is for shipping.
Regarding the above decision-making models, LINGO software is used to obtain the optimal solutions of the various variables of the model, as shown in Appendix Tables A1-A3. 
Input
Process 0 
Split off Point
= $38.5/h k m = $25.5/h k o = $40/h k δ = $30/h k τ = $70.25/h k v = $35/h
TDABC
Gama Company's joint production activity information and input data are used to develop the TDABC objective function (1) and Constraints (2)- (14), as shown in Table A1 ; where η 0 , η i0 , η i1 , β i0 , β i1 , δ i0 and δ i1 are non-negative integers, τ i0 and τ i1 are zero and one variables. According to Table A1 , under the TDABC model, the optimal product mix is the input of API M 0 (30,660 pounds) for processing to produce three different types of drugs D 10 (7840 units), D 20 (8960 units) and D 30 (5400 units) after the split-off point for direct sale to downstream drug manufacturers. Some D 10 and D 20 can be further processed after the split-off point to produce drugs D 11 (4500 units) and D 21 (3960 units). As shown in Table 2 , the labor of the tableting department requires 14,368 h; the tableting machine operation requires 16,812 h; order processing requires 101 h; pharmaceutical inspection requires 900 h; shipping requires 3193 h; and VOC disposal requires 2400 h, which suggests that the maximum profit of the case company, as based on resources used, is $534,881. 
TOC
By using the company's joint production activity information and input data, the TOC objective function (15) and Constraints (2)- (14) can be expressed, as shown in Table A2 ; where η 0 , η i0 , η i1 , β i0 , β i1 , δ i0 and δ i1 are non-negative integers, τ i0 and τ i1 are zero and one variables. According to Table A2 , under the TOC model and after the split-off point, the optimal product mix is the input of API M 0 (30,880 pounds) required for processing in order to produce three different drugs, including D 10 (7840 units), D 20 (8400 units) and D 30 (6000 units), for direct sales to downstream drug manufacturers. Some D 10 and D 20 can be processed for drugs D 11 (4680 units) and D 21 (3960 units) after the split-off point. As shown in Table 2 , the tableting department's labor requires 14,561 h; the tableting machine operation requires 16,857 h; order processing requires 104 h; pharmaceutical inspection requires 900 h; shipping requires 3217 h; and VOC disposal requires 2440 h; however, TOC makes assumptions on the basis of the resources supplied. In addition to materials, no resources will change with the production output; therefore, unused resources are recognized as costs, which suggests that the maximum profit of the company, as based on the resources supplied, is $313,870.
ABC
By using the company's joint production activity information in Table 1 and the input data, ABC objective function (1) and Constraints (2)-(4), (8) and (9), (12)- (14) and (16)- (23) can be expressed, as in Table A3 ; where η 0 , η i0 , η i1 , β i0 , β i1 , δ i0 and δ i1 are non-negative integers, τ i0 and τ i1 are zero and on variables. Table A3 shows that under the ABC model, the optimal product mix is the input of API M 0 (27,840 pounds) for processing in order to produce three types of drugs after the split-off point, including D 10 (7840 units), D 20 (8960 units) and D 30 (2400 units), for direct sale to downstream drug manufacturers. Some D 10 and D 20 are processed to produce drugs after the split-off point, including D 11 (4680 units) and D 21 (3960 units). As shown in Table 2 , the tableting department's labor requires 12,928 h; the tableting machine operation requires 15,336 h; order processing requires 89 h; pharmaceutical inspection requires 900 h; shipping requires 2898 h; and VOC disposal requires 2450 h, which suggests that the maximum profit of the company, as based on the resources used, is $483,122.
Analysis
Panel A and Panel C in Table 2 show the differences of TOC, ABC and TDABC decision-making models in terms of joint product mix and profit. TOC makes assumptions on the basis of resources supplied, while ABC and TDABC make assumptions on the basis of resources used. In TDABC, the optimal joint product mix is to produce 7840 units of , and the expected profit is $483,122. Therefore, profits based on resources will be the most in the TDABC system, followed by TOC and ABC. However, TDABC assumes that resources are controllable; therefore, unused production capacity can be used for other purposes or reduced. The assumptions of ABC are similar to those of TDABC; meaning unused production capacity costs can be avoided by management's decision-making; hence, unused production capacity costs are not considered. Conversely, TOC assumes that resources are uncontrollable; therefore, unused production capacity will be regarded as cost. However, in order to compare with TOC on the basis of resources supplied, TDABC considers unused production capacity costs; thus, profit under the consideration of the basis of resources supplied is smaller or equal to the profit on the basis of the resources used. In addition, regarding the differences between ABC and TDABC in terms of profit: ABC compared to TDABC has the time and procedures of various activities at the first stage and, thus, has more constraints. As a result, the product mix will be different, and the profit will be lower than TDABC.
Panel B in Table 2 illustrates the resources used under TOC, ABC and TDABC decision-making models so that decision-makers can effectively control idle production capacity. As costs should be allocated in two stages, in the case of the ABC system, at the first stage, the company should attribute resource costs to different activity centers according to the resource drivers. At the second stage, the costs of various activities centers are attributed to various cost objectives according to cost drivers.
Sensitivity Test with Carbon Tax
This study performs sensitivity analysis to show how the optional solutions are affected by the characteristics of the carbon tax. The sensitivity test is performed with carbon tax cost (24) and the related constraints (25) to (32) by using the TDBC model shown in Table A4 . The optimal product mix is the input of API M 0 (30, inspection requires 900 h; shipping requires 3193 h; and VOC disposal requires 2400 h, which suggests that the maximum profit of the case company, as based on the resources used, is $420,502, and the carbon tax is $112,500.
Discussion
TDABC time drivers go directly from resources to cost objectives and omit the time-consuming first stage of subjective estimation, as there is no need to estimate the time percentage of various activities at the second stage. Compared to the conventional ABC, it can better reflect the reality and time differences between different activities.
In the case of profit based on resources supplied, the profit will be highest in the case of TOC, followed by TDABC and ABC. Regarding the differences in the profit between TOC and TDABC, in addition to the differences caused by product mix, the degree of control of resources by management will be one of the influencing factors. Furthermore, regarding decision-making from the perspective of resources used, management will adopt the TDABC system. However, from the viewpoint of resources supplied, management will adopt the TOC system.
The results of this study point out that ABC, as compared to TDABC, has more allocation constraints; thus, the average production capacity utility is lower than that of TDABC. In addition, under limited resources, the company should consider reducing environmental pollution in the pursuit of long-term profit. TDABC produces far fewer VOCs, as compared to TOC and ABC, suggesting that the optimal product mix model can effectively minimize waste discharge in the production process in order to reduce relevant waste disposal costs and environmental impact. To test the robustness of the above results, this study also performs sensitivity testing, where global emissions are kept, rather than the constant carbon tax rate across scenarios. In other words, this study assumes the TDABC model, as this design avoids evaluating different global emissions levels, as the emission changes are equal across the joint product mix.
In this paper, the presented decision-making models are solved using LINGO software in order to obtain the optimal solutions of the various variables of the model. In practice, a decision-maker may want to find an optimal solution under the given resource constraints. However, this optimization is conditional and depends on the preset objective structure. Since the selection of objective structures may be qualitative and must consider multiple stakeholders and criteria, this paper suggests using the LINGO model to determine the final objective structure and solution. LINGO software can solve linear, nonlinear (convex and nonconvex/global), quadratic, quadratically constrained, second order cone, semi-definite, stochastic and integer optimization models more quickly, more easily and more efficiently. Table 3 shows the limits of the various variables and constraints of the various LINGO versions. The computational performance of the LINGO model also depends on the memory available in the computer system and not only the maximum problem dimensions of LINGO capacity. 
Conclusions
Since the 1980s, the global average temperature has risen rapidly, and unusual weather and climate phenomena frequently occur, rendering climate change an important issue. Carbon taxation is one of the most common carbon emission regulation policies that companies must incorporate in their production and pricing decisions. The aim of this paper is to apply TDABC and TOC to analyze green product mix decision-making for joint products using a mathematical programming model and the joint production data of pharmaceutical companies for processing active pharmaceutical ingredients (APIs) into drugs for medical use. This paper has three major considerations; first is to establish the joint product mix model, as based on TDABC. This decision-making model can accurately attribute used resources to the cost objective and separate unused idle production capacity for management as a reference for decision-making. Secondly, as compared to the conventional ABC model, the proposed TDABC joint product mix model is not subject to the influence of the percentages of time input in the various activities of different departments. Therefore, the optimal joint product mix has higher profit than that of the conventional ABC model, and this study performed sensitivity analysis to show how the optional solutions are affected by the characteristics of carbon tax. Third, this study proposed using MIP to solve the problem of the optimal joint product mix. In addition to converting the non-linear model into a linear model in order to obtain the global optimal solution, it can add constraints in line with reality and according to the decisions of management.
The empirical results show that profit based on resources will be the most in the system of TDABC, followed by TOC and ABC; while for decision-making according to the perspective of the resources used basis, management will prefer the TDABC system. However, from the viewpoint of the resources supplied basis, management will prefer the TOC system. Finally, as compared to TDABC, ABC has more allocation constraints; thus, the average production capacity utility is lower than that of TDABC.
By using the example of a pharmaceutical company, this study illustrates the feasibility of TDABC in a joint product mix, which is expected to integrate the conceptual structure with the various modules of the enterprise resource planning (ERP) system for analysis and application in companies of other industries, in order to help managers effectively improve processes, reduce costs, analyze value, modify strategy and make other decisions. Compared to traditional costing, more comprehensive tools and concepts are available to analyze material, carbon emissions and energy flows within production systems, as well as their financial and ecological consequences. In addition, limited by the production activity information, as provided by the case company, this study cannot learn the production strategy in the case of insufficient production capacity. Future studies can further consider improving long-term production capacity insufficiency through production strategies, such as outsourcing and increasing labor or equipment in response to market demand to satisfy customer orders and maximize company profits. As a new management and accounting tool, relevant literature and discussions regarding TDABC are insufficient; thus, future studies can apply other management and strategy dimensions, such as the agent-based simulation model and corporate carbon footprint management. This paper was based on some specific assumptions; for example, this paper assumed that potential competitors' prices are not sensitive to the temporary price changes of a company's product in the short term. In future studies, researchers can relax the assumptions to explore more complicated and realistic situations. 
